We give a perturbative analysis of Crooks relation and Jarzynski equality in an arbitrary driven quantum system weakly coupled to a heat bath. Invoking no efficient Hamiltonian nor any restriction on the form of the coupling, we derive the first-order correction to Crooks relation and Jarzynski equality in terms of the interacting Hamiltonian. A Crooks type of relation about energy increment in the system and nonvanishing heat expenditure to the heat bath up to the second order of interaction would be given by the way. Our results tell us that deviation of the quantum fluctuation relations is mainly caused by energy trapped interaction rather than the heat flow to (or from) heat bath. We also show a way of defining work in weak coupling regime which is consistent to the work definition in closed systems and thus deepen our understanding of work in quantum realm.
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Introduction.-The great success of equilibrium statistical mechanics has both deepended our understanding of nature and helped us build modern technical architecture. Though, nonequilibrium phenomenon has caught attention of physicists for a long time. Important results in this direction such as linear response theory were already given in near-equilibrium regime about half a centry ago [1] . With the thriving of nanotechnology in which fluctuations are significant, development of nonequilibrium statistics has become more urgent. It stimulated a lot of investigation of statistical properties in systems arbitrarily out of equilibrium beyond linear response theory. Fluctuation theorems are among the most remarkable achievements in the field of nonequilibrium statistical mechanics [2] [3] [4] [5] [6] . Among them, Crooks relation and Jarzynski equality are of particular importance. Both theorems were first derived in a classical system weakly coupled to a heat bath of constant temperature T [3, 4] . The former establishes a connection between a transition process and its reverse
p[W ; λ] is the probability that W work would be done on the system S which is driven out of equilibrium through an arbitrary protocol λ while p[−W ;λ] probability of extracting that much of work from S during the mirrored reverse process. β:=1/T denotes the inverse temperature and ∆F S the change of Helmholtz free energy of system S. Notice that we adopt the convention of setting Boltzmann constant to one. From Crooks relation (1), one can derive Jarzynski equality directly by rearranging (1) and integrating over W
• λ means averaging over statistical realizations of the forward process characterized by protocol λ. Many attempts were made to extent them to the quantum regime since then [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . The first task to achieve this goal is defining work in the framework of quantum mechanics which is quite delicate and has caused much controversy [20] [21] [22] . Among all these definition strategies, the two-point projective energy measure (TPEM) protocol has been the most acceptable [5] [6] [7] [8] [11] [12] [13] [14] [15] [16] [17] [18] [19] . By using TPEM, quantum fluctuation theorems were first obtained theoretically [7, 8, 10, 11] and verified experimentally [23, 24] for closed system under unitary time evolution. Corresponding theoretical investigation for Markovian processes [12] [13] [14] [15] [16] were also developed. In the case where interaction with heat bath is small and has vanishing expectation value in the eigenbasis of total Hamitonians at both ends of the transition, quantum fluctuation theorems were also obtained [17] . This covers many important physical models such as the JaynesCummings model [25] and the Rabi model [26, 27] in the weak coupling regime. For interaction of other forms such as some spin-spin coupling [28, 29] or that of sufficient magnitude, efficient Hamitonian of the system, consisting of free Hamiltonian of the system and an additional term resulting from interaction with heat bath, has to be employed to obtain Crooks relation and Jarzynski equality [17] [18] [19] .
In this Letter, we consider also a quantum system weakly coupled to a heat bath but with no further restriction on the form of interaction. The system could be driven far away from equilibrium. We invoke no efficient Hamiltonian to incorporate the coupling to the heat bath and abandon the attempt of showing a formal consistency with the exact fluctuation relations as obtained in closed system and some specialized open models. By invoking TPEM and proper definition of work, we examine Crooks (1) and Jarzynski (2) up to the first order of interaction. The work definition invoked in the weak coupling case can be proven to be consistent with that employed in a closed system [5] [6] [7] [8] 11 ]. We will show with a specific numerical example that without the efficient Hamiltonian, both relations would break down and our correction would be effective to some extend even when arXiv:1708.08214v2 [cond-mat.stat-mech] 14 Sep 2017 the interaction is comparable to the free Hamiltonian of system S. The correction turns out to be the change of average coupling Hamiltonian. An energy fluctuation relation (10) of Crooks type concerning energy increment of system S and its nonvanishing heat expenditure to heat bath would be obtained up to the second order of interaction between system S and heat bath B. In the weak coupling regime, energy trapped in interaction causes the deviation of Jarzynski equaltiy and Crook relationn while impact of heat exchange with environment is minimal.
System setup.-Consider the composite of system S and heat bath B 
Time duration of both the forward and backward transition is τ . Z (λ 0,τ ) :=tre −βH H H(λ0,τ ) are partition functions corresponding to parameter settings λ 0 and λ τ respectively.
Measurements and driving protocol.-System S and bath B start with a energy measurement which is the first part of TPEM at the begining of the forward transitionρ
is free thermal state given a vanshing coupling with partition functions Z S (λ t ) :=tr S e −βH H HS(λt) for S at t = 0 and Z B :=tr B e −βH H HB for B. The first-order correction term is ∆Ȟ H H
n is the projective energy measurement of S at time t such that
• λ0,τ denotes average in a free thermal equilibrium state given specific configureation settings λ 0,τ namely H H H I λ0,τ :=tr S [ρ ρ ρ(λ 0,τ )H H H I ], while • λ is an average evaluated over a process characterized by λ. Note that " " means "equal up to the first order of interacting Hamiltonian H H H I ". After the first phase of TPEM, system S and bath B would evolve unitary according to H H H (λ t ) under the driving protocol λ Fluctuations of energy increment and heat transfer.-In the forward process, probability of system energy increasing by E while expending heat Q to heat bath should be
Probability p[m , nk; λ] of obtaining m and in the first projective energy measurement while n and k in the second, should be tr{
Probability distribution p[−E, −Q;λ] of system energy decrement and heat absorption during the backward process would be of similar form. We can show that probability p[m , nk; λ] of non-zero heat transfer namely k = , generally are of the second order of coupling
" " means "equal up to the second order of the interacting Hamiltonian H H H I ". Similar result can be de-rived for probability p[nk, m ;λ] in backward process. A direct conseqence of the microscopic time reversibil-
of the composite system for both coupled and decoupled cases, is
. We can furhter use this to derive a close relation of the former pair of probabilities
where ∆F S :=F S (λ τ ) − F S (λ 0 ) is Helmholtz free energy difference of system S with parameter settings at the two ends of the forward process F S (λ 0,τ ) := − T ln Z S (λ 0,τ ). This relation holds for any nonvanishing heat transferation where k = . By substituting (9) 
Correction to Crooks relation and Jarzynski equality.-Consider the case where eigengy spectrum of system S is non-degeneration, or we can employ measurements of complete sets of mutually compatible observables on S which including system Hamiltonian H H H S (λ 0,τ ) in TPEM. We can then find eigenket |ψ 
H H H eff I :=tr B H H H I e βH H HB /Z B can be considered as an effective potential applied to system S due to its interaction with heat bath B. H H H I generally would not commute with free Hamiltonian H H H S (λ 0,τ ) +H H H B and thus they cannot be measured simultaneously. Averagely in a realization obtaining obtains m and in the first measurement while n and k in the second, the first law of thermodynamics is
W is the work done by the external agent through the driving protocol λ. ∆E
nk,m denotes change of the average coupling energy in the realization. We can also have the first law of thermodynamics in the backward process with a similar definition given to the corresponding average change of coupling energy ∆E I; [λ] m ,nk . We will prove the validity of the first law (12) employed here later.
According to the first law (12), probability of injecting work W to system S in the forward process would be 
We can obtain the first-order correction to Crooks relation from (13) tells us that probability of nonvanishing heat transferation does not vanishing in terms of the second order of coupling though its zeroth and first order do.
is difference of interaction energy of the compound system of S and B, given different parameter settings λ 0,τ of S. By appropriately rearrangement of (14) and integration over W , one can derive the first-order correction of Jarzynski equality
Consistency between work definitions in the weak coupling and closed cases. If one consider the complex of system S and heat bath B as a whole, it is closed. Its partition functions corresponding to the two configurations λ 0,τ of subsystem S should be Z(λ 0,τ ) Z S (λ 0,τ )Z B (1 − β H H H I λ0,τ ). Therefore, the change of Helmholtz free energy of the total system should be ∆F ∆F S + ∆E I .
Hence corrected Crooks relation (14) of subsystem S would coincide with the Crooks relation for the total system where TPEM is implemented for total Hamiltonian H H H(λ 0,τ ) instead of sum of free Hamiltonians of subsystems H H H S (λ 0,τ ) + H H H B up the first order of H H H I . Analogical inference can be made to corrected Jarzynski equality (15) of S. Therefore, the work definition (12) namely the first law we employed would conincide with those employed in closed systems [7, 8, 10, 11] in weak coupling regime. Specific model exemplification.-By employing a two-level system (TLS) coupled to an open-bounded transverse Ising chain (OTIC) of length L = 8, we demonstrate fluctuation relation (10) of energy increment of TLS and nonvanishing heat transfering to OTIC, and show the effect of our correction (14) to Crooks relation and (15) to Jarzynski equation. TLS is the system of interest corresponding to system S and OTIC acts as heat bath B. We assume Hamiltonian of TLS to be H H H TLS (t):=(1 + t/τ )ω[σ σ σ z cos(ω prec t) + σ σ σ x sin(ω prec t)], Hamitolnian of
x ], and the coupling between them H H H I :
x,y,z are Pauli matrices belong to the ith site of OTIC while σ σ σ x,y,z are from TLS. |↑ z is a state of TLS pointing up along the z direction. We set ω = 1 GHz, J = 2 GHz and γ = 1/2. The precessing angular velocity is set to ω prec = 0.5 GHz and transition duration τ = π/ω. We assume temperature to be 7.64 mk. The coupling strength ω c varies from 0 to ω. Since it is much more involved to confront fluctuation relation (10) directly, instead we choose to study
which is a direct consequence of (10). For further simplification, we conduct coarse-grained division of the domain of W 0 by pieces of width δW 0 = 0.13 GHz.
For every ω c between 0 and ω, we numerically evluate the difference function
} which would vanish up to the second order of small coupling strength ω proc according to (17) . Our numerical simulation tells us that both D(W 0 , ω c ) (c.f. Fig. 1(a) ) and its derivative (c.f. Fig. 1(b) ) vanishes in the vicinity of vanishing coupling. Thus give strong numerical evidence for (17) and (10) being valid in the second order of the coupling Hamiltonian. One can infer from Fig. 1(c) that (17) and (10) are nontrivial in general. We remark that driving protocols λ andλ contain information of ω proc . Similarly, we use coarse-grained division of the domian of work W by pieces of δW = 0.34 GHz in the numerical demonstration of the first-order correction of (14) (14) . The simulation results shown in Fig. 2(a) correction (14) . From Fig. 2(b) , we can tell that in strong coupling regime ω c ≥ 0.2 GHz the probability of enountering significant deviation |D(W, ω c = ω)| ≥ 4 is very thin (∼ 10 −7 ). Numerical results of first-order correction (15) to Jarzynski equality are shown in Fig. 2(c) . It tells us that our first-order correction (15) are not only effctive near vanshing interaction regime, but can also play a significant role in strong coupling circumstances where ω c ≥ 0.2 GHz is comparable to 1 GHz namely to ω. Significance of the correction e −β∆EI to Jarzynski equaltiy in strong coupling regime can be prominent at least in the specific model we studied numerically here. This agrees with the small probability of significant deviation from (14) as shown in Fig. 2(b) .
Disscussion and outlook.-The perturbative analysis of Crooks relation and Jarzynski equaltiy in the limit of weak coupling shade some light on the study of fluctuation theories in an open system from a new angle. Our results shows that energy trapped in interaction between system and environement is a prominent cause of deviation of fluctuation relations from those established in closed systems as has been shown in (14) and (15) . Contractively, heat transfered to (or from) environment seems a much less important cause of such a deviation according to (10) . Our numerical results provide a possibility that correction with the interactive energy integrated can play a prominent role even in strong coupling regime as in the case we reported in this Letter. It is an interesting question whether in strong coupling regime such a correction would be prominent in general? If not, to what condition, would the effect of this correction extent to the strong coupling regime to a considerable degree? Further, our analysis (16) indicate that (12) should be a good definition of work in open system weakly coupled to a heat bath. It is consistent with the work definition in a closed system. The result refreshes our understanding of work in quantum regime. 
